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Notation: T denotes a triangle with vertices p° p! p?

Comments x O T iff x = 2x,p' where 0<x,<1, ’x; = 1. The x;, are
uni quely determ ned and are the barycentric coordinates of x.

The set of points where one (or nore) coordinate is O is called a
face of T.

Sperner’s Lenmma (two-di mensional version). Triangulate T. Gve
each vertex of the triangulation a |label from{0,1,2} in such a

manner that a |ower dinensional face of T not containing p' (i.e
for which the i-th barycentric coordinate is 0) is not |abelled

i. (Thus, each p' is labelled i.) Then there is a conpletedly

| abel I ed triangle, i.e with labels all of {0,1,2}.

Brouwer’s Fi xed Point Theorem (two-di nensi onal version) Assune
f: T->Tis continuous. Then f has a fixed point.

Sperner -> Brouwer Let f: T ->T be continuous with no fixed
point. Label each xOT with ani 0O {0,1,2} so that f(x); < x;.
(loosely, f maps x "away" fromp') Note that any triangul ation
of Twll satisfy the hypotheses of Sperner’s | emma.

For each kKON, let G be a triangulation with dianmeter of subtri-
angles < 1/k. Each triangulation nust contain a conpletely
| abel ed triangle. Let y be an accumul ation point of these

conpletely labelled triangles. For each i, there are points X
arbitrarily close to y where f(x); < x;. By continuity, f(y); <
y; for all i. But the coordinates of any point nmust sumto 1

So f(y); =y, for each i and this neans f(y) =y. Contradiction.

Oiented Sperner’'s Lemma (a two-dinmensional version). If Tis
triangul ated arbitrarily then: the follow ng are equal:
#(o%1) - #(1%0) = #(0 1) - #(1 0)
(counted over all triangles) (counted countercl ockw se
over boundary)
N[ T] = N[ bd(T)]

(Notation to be explained later. Easy to check this does gener-
alize the previous Sperner’s | emm)



Definition. An (oriented) n-sinplex is an ordered (n+l)-tuple of
points in R"for sone m and is denoted: <p° p ...p"™.

Definition. Two sinplices are equal if they consist of the sane
points and one is an even pernutation of the other. A k-chain is
an integer linear conbination of k-sinplices. W identify an odd
pernmutation of the points of a sinplex with m nus the sinplex.

e.g. <p° p*> =-<p’, p°>
<p0, pl’ p2> - <p2, pO’ pl> - _ <pl, pO’ p2>
Definition. (boundary of a sinplex)

bd(<p®, p'>) = <p'> - <p®>

bd(<p® p' p*>) = <p', p> - <p° p> + <p°% p'>
= <p!, p®=> + <p? p°> + <p° p'>

(More generally, bd(<p®...p*>) = Z(-1)I<p° ..p"% p'*h . p*>)
The boundary of a chain is defined by extending |inearly:

if C=12nS, then bd(C) = Zn;bd(S).
Not e how t he boundary respects orientati on and how we can con-
struct a chain of sinplices of the same dinension getting the

intuitive notion of boundary (because of cancellation of interior
boundari es).

Definition. Let Qg ..Q¢ be non-negative integers. If Qo ..., 0q
is a pernmutation of 0,..,k then N(q, ..0qy) IS 1 depending on its
sign. Oherwise it is zero.

N(O,1,2) = N(2,0,1) = N(O,1) = N(0) = 1
N(0,2,1) = N(1,0) = -1, N(0,0,1) = N(0,1,3) = N(0,2) = N(1) = O

Suppose each vertex p of a sinplex is given a |label q(p). Define
N(<p® ...p*>) = N(q(p?,...q(p¥). Extend Nlinearly to chains.

Theorem (Oriented formof Sperner’s Lemma) Let C be any k-chain
with the vertices of sinplices of C having only | abels chosen
fromO,...k. Then

N[Cl = (-1)*N[bd(O)].
e.g. If Cis a l-chain: #(0,1) - #(1,0) = - N(bd(Q))

This is a generalization of Sperner’s lemma in the case when Cis
a correctly labelled n-sinplex. For, given a labelling as in the
hypot heses of Sperner’s lemma, let F* be the k-face with corners
labelled O0,...k. Then N(C) = N(F") = £N(F"Y) = £N(F"?) = ... =
+N(F°) = =+1.



Proof. W need only consider a k-sinplex, s = <p%...p*. The
result is is easy to check directly by cases for k = 1 or 2.
In general, the claimanounts to showing: If qgq..q O {0,...,k}

N(do, - a) = (-1)*Z(-1)7(do, - - -1y Gjrs - - T -
Let Mbe the "permutation” matrix defined by (Qg ...Q:

1 if g =]

m; .
0 ot herw se

m;

The |l eft hand side above is det(M. Let M be Mwith the |ast
colum replaced by ones. The right hand side is det M (expand
by last colum). W can reduce Mto M by adding all other
colums of Mto the last colum. So det(M = det(M).

To prove the fundamental theorem of al gebra, we begin by dividing
the conplex plane into three "tridrants"” by letting

R ={zOC| 2m/3 < arg(z) < 2mn(j+1)/3} for j =0,1,2.
A geonetric argunment shows:

Lemma. Suppose z; O R for j =0,1,2 and |z;-z,] < O for j,k =
0,1,2. Then |z] <2D/f3forj =0,1,2.

Fundanental Theorem of Algebra. Let p(z) = z" + a,;z2"* + ... + a,
be a non-constant conplex polynomal. yOC wth p(y)=0.

Proof. Gve any point z the |abel j corresponding to the region

R in which p(z) lies. If we let T be a large enough disk, then
on its boundary p(z) ~ z". Thus, if we have a fine triangul ation
G of T, then N(bd(GQ) = n.

For each kKON, let G be a triangulation of Gwith triangles of
diameter < 1/k. It follows fromthe lemma that |p(z;)| < 2/(/3k)
for z; a vertex of a conpletely labelled triangle of G. Thus,
ify I's an accumul ati on point of these triangles, there are
points z arbitrarily close to y where |p(z)]| is arbltarlly smal | .
Therefore, by continuity |p(y)|] =0

(The preceding is a discrete version of the w ndi ng nunber
pr oof .)



